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Nonlocality of nucleon interaction and
an anomalous off shell behavior of the two-nucleon amplitudes
Renat Kh.Gainutdinov and Aigul A.Mutygullina
Department of Physics, Kazan State University, 18 Kremlevskaya St, Kazan 420008, Russia ∗
The problem of the ultraviolet divergences that arise in describing the nucleon dynamics at low
energies is considered. By using the example of an exactly solvable model it is shown that after
renormalization the interaction generating nucleon dynamics is nonlocal in time. Effects of such
nonlocality on low-energy nucleon dynamics are investigated. It is shown that nonlocality in time
of nucleon-nucleon interactions gives rise to an anomalous off-shell behavior of the two-nucleon
amplitudes that have significant effects on the dynamics of many-nucleon systems.
I. INTRODUCTION
Investigations aimed at assessing the extent to which
quarks and gluons bound in hadrons can affect low-
energy nucleon dynamics are of great importance for ob-
taining deeper insights into the nature of strong interac-
tions. These fundamental degrees of freedom manifest
themselves, for example, as symmetries in low-energy
nucleon-nucleon interaction (NN) that are compatible
with QCD symmetries. In the most natural way, the
symmetries in question are taken into account within
an effective field theory [1], which is extensively used
at present in describing low-energy nucleon dynamics.
Quark and gluon degrees of freedom also manifest them-
selves in that the interaction of nucleons must be nonlocal
in time because of the presence of these intrinsic degrees
of freedom. Accordingly, the effective potentials of NN
interaction must be energy-dependent. The possibility of
using such potentials in describing hadron-hadron inter-
actions at low and intermediate energies was extensively
discussed in the literature [2]. It may be seem that this
time nonlocality of the effective operator of NN inter-
action is not compatible with an effective field theory,
which is a local theory. However, this is not so. Indeed,
an effective field theory leads to effective NN - interac-
tion operator whose ultraviolet behavior is ”bad”; that
is, matrix elements as functions of momenta decrease at
infinity insufficiently fast for the Schro¨dinger equations
to be meaningful. For this reason, it is necessary to reg-
ularize these equations and to renormalize the potentials.
Ultraviolet divergences stem from locality of the theory;
that is, they are due to the disregard of the fact that
NN interaction cannot be local because of the presence
of intrinsic quark and gluon degrees of freedom.
As a matter of fact, we run here into the same prob-
lem as in quantum field theory: locality of the theory
leads to ultraviolet divergences, but the introduction of
a nonlocal form factor in the Hamiltonian or in the inter-
action Lagrangian violates the covariance of the theory.
The reason behind this is quite obvious. The Schro¨dinger
equation is local in time, and the Hamiltonian describes
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an instantaneous interaction; in relativistic theory a pro-
cess that is local-in-time must be local in space as well.
For the introduction of a nonlocality in a theory be self-
consistent, it is necessary to extend quantum dynamics
to the case of the evolution of quantum systems whose
dynamics is governed by an interaction that is nonlocal-
in-time. For the first time, this problem was solved in [3],
where it was shown that the simultaneous use of basic
principles of the canonical and the Feynman formulation
of quantum theory opens the possibility for generalizing
quantum dynamics in this way. The generalized dynam-
ical equation derived in [3] by using only generally ac-
cepted principles of quantum theory makes it possible to
describe the evolution of quantum systems not only for
the case where the fundamental interaction is instanta-
neous (it then reduces to the Schro¨dinger equation) but
also in the case where the interaction is nonlocal in time.
It was shown in [3] that generalized quantum dynamics
developed in this way opens new possibilities for solv-
ing the problem of ultraviolet divergences in quantum
field theory. An exactly solvable model was constructed
in [4,5] for investigating the character of the dynamics
of quantum systems controlled by an interaction that is
nonlocal in time and was used, by way of example [3],
to show that there is one-to-one correspondence between
the ultraviolet behavior of the model form factors and the
nonlocality of the interaction. If the high -momentum be-
havior of the form factors satisfies the usual requirements
of the Hamiltonian formalism, the interaction in the sys-
tem is inevitably local, but, if this is not so (that is, the
behavior of the form factors leads to ultraviolet diver-
gences in Hamiltonian dynamics), the interaction in the
system can only be nonlocal. In the latter case, the form
of the nonlocal interaction operator is unambiguously de-
termined by the asymptotic high-momentum behavior of
the form factors, the dynamics of the system not being
Hamiltonian here.
In connection with the fact that effective field theories
lead to models where the effective potentials ofNN inter-
action exhibit a ”bad” ultraviolet behavior (see above),
interest in studying such models - in particular, in their
regularization and renormalization - has been quickened
in recent years. For example, the problem of a dimen-
sional regularization of the Lippmann- Schwinger equa-
tion was studied in [6] by considering the example of a
2model where NN interaction is described by a separable
potential featuring a form factor that leads to a loga-
rithmic singularity. In that study, the application of the
regularization and renormalization procedure to the cou-
pling constant made it possible to obtain the T matrix of
the nonlocal model proposed in [4,5] for the correspond-
ing form factor. Thus, it was found that, upon the renor-
malization, the effective NN interaction, which governs
the dynamics of the system being considered, becomes
nonlocal in time, the evolution of the system being de-
scribed by a dynamical equation that is not equivalent to
the Schro¨dinger equation, but which is an equation of the
type associated with generalized quantum dynamics. It
should be emphasized that, in the case being discussed,
generalized quantum dynamics permits treating the evo-
lution of the system as rigourously as this is done in the
case where the ultraviolet behavior of the form factors
is such that the dynamics of the system is Hamiltonian.
A constriction of the model in question by applying the
renormalization method only makes it possible to deter-
mine the two-nucleon T matrix, but it gives no way to
derive an equation that would describe nucleon dynam-
ics. The latter in turn prevents the use of these results
in describing the dynamics of multinucleon systems. At
the same time, the theory of renormalizations can provide
the possibility of constructing, on the basis of an effective
field theory, an effective NN -interaction operator that is
nonlocal in time and which is compatible with its sym-
metries. This operator can then be employed to describe
nucleon dynamics in terms of the dynamical equation of
generalized quantum dynamics. This may open new pos-
sibilities for developing the theory of NN interactions
that is based on the effective field theory. Needless to
say, realistic models to which the effective field theory
must lead will be more involved than the model consid-
ered in [4,5]. As we have already mentioned, this exactly
solvable model reflects, however, a crucial feature of the
NN interaction - namely, the bad ultraviolet behavior
of matrix elements as functions of momenta, which takes
place if the interaction is nonlocal in time. In the present
study, we address the problem of assessing the extent to
which the nonlocality of the NN interaction in time can
affect the character of nucleon dynamics. We will show
that this nonlocality of the NN interaction leads to an
anomalous off-shell behavior of two-nucleon amplitudes,
which has a pronounced effect on the dynamics of mult-
inucleon systems.
II. GENERALIZED QUANTUM DYNAMICS
The basic concept of the canonical formalism of quan-
tum theory is that it can be formulated in terms of vec-
tors of a Hilbert space and operators acting on this space.
The postulates establish the connection between the vec-
tors and operators and states of a quantum system and
observables. In the canonical formalism these postulates
are used together with the dynamical postulate accord-
ing to which the time evolution of a quantum system
is governed by the Schro¨dinger equation. However, this
equation permits only instantaneous interactions. At the
same time, in Ref.[3] it has been shown that this equation
is not most general dynamical equation consistent with
the current concepts of quantum physics. It has been
shown [3] that the use of the above basic postulates of
canonical formalism in combination with the basic pos-
tulate of the Feynman approach according to which the
probability amplitude of an event that can be happen in
several different ways is a sum of the probability ampli-
tudes for each to these ways gives rise to a more general
dynamical equation.
From the postulates of the canonical formalism it fol-
lows that the time evolution of a quantum system is de-
scribed by the evolution operator that must be unitary
U+(t, t0)U(t, t0) = U(t, t0)U
+(t, t0) = 1, (1)
and satisfies the composition low
U(t, t′)U(t′, t0) = U(t, t0), U(t0, t0) = 1. (2)
The evolution operator in the interaction picture can be
written in the form
〈ψ2|U(t, t0)|ψ1〉 = 〈ψ2|ψ1〉+
+
∫ t
t0
dt2
∫ t2
t0
dt1〈ψ2|S˜(t2, t1)|ψ1〉, (3)
where 〈ψ2|S˜(t2, t1)|ψ1〉 is the probability amplitude that
if at time t→ −∞ the system was in the state |ψ1〉, then
the interaction in the system will begin at time t1 and
will end at time t2, and at time t→∞ the system will be
in the state |ψ2〉. The first term on the right-hand side of
(3) corresponds to the evolution process that is free from
interaction. Indeed, according to the basic postulates of
Feynman formalism the probability amplitude describing
the matrix element 〈ψ2|U(t, t0)|ψ1〉 can be represented
as a sum of contributions from all alternative ways of
realization of the corresponding evolution process and
the amplitudes 〈ψ2|S˜(t2, t1)|ψ1〉 is contributions to the
amplitude 〈ψ2|U(t, t0)|ψ1〉 of such alternatives.
As has been shown in Ref.[3], for the evolution operator
U(t, t0) given by (3) to be unitary, the operator S˜(t2, t1)
must satisfy the following equation:
(t2 − t1)S˜(t2, t1) =
∫ t2
t1
dt4
∫ t4
t1
dt3
×(t4 − t3)S˜(t2, t4)S˜(t3, t1). (4)
This equation allows one to obtain the amplitudes
〈ψ2|S˜(t2, t1)|ψ1〉 for any t1 and t2, if the amplitudes
〈ψ2|S˜(t
′
2, t
′
1)|ψ1〉 corresponding to infinitesimal duration
times τ = t′2 − t
′
1 of interaction are known. It is natural
to assume that most of the contribution to the evolution
operator in the limit t2 → t1 comes from the processes as-
sociated with the fundamental interaction in the system
3under study. Denoting this contribution by Hint(t2, t1),
we can write
S˜(t2, t1) = Hint(t2, t1) + S˜1(t2, t1), (5)
where S˜1(t2, t1) is the part of the operator S˜(t2, t1) which
in the limit t2 → t1 gives a negligibly small contribution
to the evolution operator in comparison with Hint(t2, t1).
We will assume that the operator Hint(t2, t1) contain all
the dynamical information that is needed to construct
the evolution operator. From the mathematical point of
view the requirement that the operator Hint(t2, t1) must
have such a form that the Eq.(4) has a unique solution
having the following behavior near the point t2 = t1:
S˜(t2, t1) →
t2→t1
Hint(t2, t1) + o(τ
ǫ), (6)
where τ = t2 − t1 and the value of the parameter ǫ de-
pends on the form of the operator Hint(t2, t1).
The operatorHint(t2, t1) plays the role which the inter-
action Hamiltonian plays in the ordinary formulation of
quantum theory: It generates the dynamics of a system.
Being a generalization of the interaction Hamiltonian,
this operator is called the generalized interaction opera-
tor. If Hint(t2, t1) is specified, Eq.(4) allows one to find
the operator S˜(t2, t1). Representation for the evolution
operator (3) can then be used to construct the evolu-
tion operator U(t, t0) at any time t and t0. Thus Eq.(4)
can be regarded as an equation of motion for states of
a quantum system and it is used as a basic dynamical
equation.
The equation of motion (4) is equivalent to the follow-
ing differential equation:
dT (z)
dz
= −
∑
n
T (z)|n〉〈n|T (z)
(z − En)2
, (7)
where the operator T (z) is defined by
〈n2|T (z)|n1〉 (8)
= i
∫ ∞
0
dτ exp(izτ)〈n2|T˜ (τ)|n1〉.
Here |n〉 are the eigenvectors of the free Hamiltonian:
H0|n〉 = En|n〉 and n stands for the entire set of discrete
and continuous variables that characterize the system in
full. According (6) and (8), the boundary condition for
Eq.(7) has the form
〈n2|T (z)|n1〉 →
|z|→∞
〈n2|B(z)|n1〉+ o(|z|
−β), (9)
where β = 1 + ǫ, and
B(z) = i
∫ ∞
0
dτ exp(izτ)H
(s)
int(τ), (10)
with
H
(s)
int(t2 − t1) = exp(−iH0t2)Hint(t2, t1) exp(iH0t1).
The operator B(z), that it was called an effective interac-
tion operator, must be so close to the solution of Eq.(7)
in the limit |z| → ∞, that this differential equation has
an unique solution having the asymptotic behavior (9).
The dynamics governed by Eq.(4) is equivalent to the
Hamiltonian dynamics in the case where the generalized
interaction operator is of the form
Hint(t2, t1) = −2iδ(t2 − t1)HI(t1), (11)
HI(t1) being the interaction Hamiltonian in the interac-
tion picture. In this case one can derive the Schro¨dinger
equation from Eq.(4). The delta function δ(τ) in (11)
emphasizes that in this case the fundamental interaction
is instantaneous. Thus the Schro¨dinger equation results
from the generalized equation of motion (4) in the case
where the interaction generating the dynamics of a quan-
tum system is instantaneous. At the same time, Eq.(4)
permits the generalization to the case where the oper-
ator Hint(t2, t1) has no such a singularity as the delta
function at the point t2 = t1. In this case the funda-
mental interaction generating the dynamic of a quantum
system is nonlocal in time: The evolution operator is de-
termined the generalized interaction operatorHint(t2, t1)
as a function of a duration time of interaction τ = t2−t1.
Below we will demonstrate this fact by using the example
of exactly solvable models.
III. MODELS WITH NONLOCAL IN TIME
INTERACTIONS AND NUCLEON DYNAMICS
Let us consider the evolution problem for two nucleons
in the c.m.s. We denote the relative momentum by p
and the reduced mass by µ. Assume that the generalized
interaction operator in the Schro¨dinger picture H
(s)
int(τ)
has the form
〈p2|H
(s)
int(τ)|p1〉 = ψ
∗(p2)ψ(p1)f(τ), (12)
where f(τ) is some function of τ . Let the form factor
ψ(p) be of the form
ψ(p) = |p|−α + g(p), (13)
and in the limit |p|→∞ the function g(p) satisfies the
estimate g(p) = o(|p|−δ), where δ > α, δ > 32 . The
solution 〈p2|T (z)|p1〉 is of the form
〈p2|T (z)|p1〉 = ψ
∗(p2)ψ(p1)t(z),
where, as it follows from (7), the function t(z) satisfies
the equation
dt(z)
dz
= −t2(z)
∫
d3k
|ψ(k)|2
(z − Ek)2
(14)
with the asymptotic condition
t(z) →
|z|→∞
f1(z) + o(|z|
−β), (15)
4where f1(z) = i
∫∞
0 f(τ) exp(izτ)dτ, and the value of β
depends on the form of the generalized interaction opera-
tor and it is determined by the condition that the solution
of the differential equation must be unique.
The solution of Eq.(14) with the initial condition
t(a) = ga, where a ∈ (−∞, 0), is
t(z) = ga (16)
×
(
1 + (z − a)ga
∫
d3k
|ψ(k)|2
(z − Ek)(a− Ek)
)−1
.
If α > 12 , in which case the form factors ψ(p) satisfy the
usual requirements of quantum mechanics, the function
t(z) tends to a constant for |z|→∞,
t(z) →
|z|→∞
λ; (17)
that is f1(z) = λ. From this it follows that the only
possible form of the function f(τ) is f(τ) = −2iλδ(τ) +
f ′(τ), where the function f ′(τ) has no such a singularity
at the point τ = 0 as the delta function. In this case the
generalized interaction operator H
(s)
int(τ) has the form
〈p2|H
(s)
int(τ)|p1〉 = −2iλδ(τ)ψ
∗(p2)ψ(p1), (18)
and hence the dynamics generated by this operator is
equivalent to the dynamics governed by the Schro¨dinger
equation with the separable potential 〈p2|HI |p1〉 =
λψ∗(p2)ψ(p1). Indeed, solving Eq.(14) with the bound-
ary condition (17), we easily get the well-known expres-
sion for the T matrix in the separable-potential model
〈p2|T (z)|p1〉 (19)
= λψ∗(p2)ψ(p1)
(
1− λ
∫
d3k
|ψ(k)|2
z − Ek
)−1
Standard quantum mechanics does not permit the ex-
tension of the above model to the case α ≤ 12 in (13).
Indeed, in the case of such a large-momentum behav-
ior of the form factors ψ(p), the use of the interaction
Hamiltonian given by (18) leads to the UV divergences,
i.e. the integral in (20) is not convergent. We will now
show that the generalized dynamical equation (4) allows
one to extend this model to the case − 12 < α <
1
2 . Let
us determine the class of the functions f1(z) and corre-
spondingly the value of β for which Eq.(14) has a unique
solution having the asymptotic behavior (15). In the case
α < 12 , the function t(z) given by (17) has the following
behavior for |z|→∞ :


t(z) →
|z|→∞
b1(α)(−z)
α− 1
2 + b2(α)(−z)
2α−1 + o(|z|2α−1), − 12 < α <
1
2 ;
t(z) →
|z|→∞
b1(α) ln
−1(−z) + b2(α) ln
−2(−z) + o(ln−2(−z)), α = 12 .
(20)
where 

b1(α) = −
1
2 cos(απ)π
−2(2µ)α−
3
2 ,
b2(α) = b1(α)|a|
1
2
−α − b21(α)(M(a) + g
−1
a ), −
1
2 < α <
1
2 ;
b1(
1
2 ) = −(4πµ)
−1, b2(
1
2 ) = b1(
1
2 ) ln(−a)− b
2
1(
1
2 )(M(a) + g
−1
a ),
(21)
M(a) =
∫
|ψ(k)|2 − |k|−2α
a− Ek
d3k. (22)
It should be emphasized that, in conventional quantum
mechanics, the vanishing of the T matrix at infinity im-
plies the vanishing of the potential. From the point of
view of standard theory, this case is therefore trivial:
there is no scattering in the system. On the other hand,
we have shown above that, in the case of α ≤ 1/2 in (13),
Eq. (14) has a nontrivial solution that tends to zero for
|z| → ∞, the dynamics here being governed by the char-
acter of the vanishing of the T matrix for |z| → ∞ rather
than by its value at infinity. It can easily be proven that
all integral curves of the differential Eq. (14) have the
same first term, differing only by the values of the pa-
rameter b2(α). In order to obtain a unique solution of
Eq. (14), we therefore have to determine the first two
terms in the asymptotic expansion of t(z) for |z| → ∞,
whence it follows that the function f1(z) must have the
form
{
f1(z) = b1(α)(−z)
α− 1
2 + b2(α)(−z)
2α−1, − 12 < α <
1
2 ;
f1(z) = b1(α) ln
−1(−z) + b2(α) ln
−2(−z), α = 12 ,
where b1(α) is determined by (21), and only the parame- ter b2(α) is arbitrary. However, if there is a bound state
5in the channel under study, then the parameter b2(α) is
completely determined by demanding that the T matrix
has the pole at the bound-state energy. For example,
in the 3S1 channel the T matrix has a pole at energy
EB = −2.2246MeV. This means that [t(EB)]
−1
= 0,
and, by putting a = EB in Eq.(17), we get
[t(z)]
−1
= (z − EB)
∫
d3k
|ψ(k)|2
(z − Ek)(EB − Ek)
. (23)
In this case, the parameter b2(α) will accordingly have
the value
{
b2(α) = b1(α)(−Ec)
1
2
−α − b21(α)M(Ec), −
1
2 < α <
1
2 ;
b2(α) = b1(α) ln(−Ec)− b
2
1(α)M(Ec), α =
1
2 .
Taking into account, that f(τ) = i2π
∫∞
−∞
exp(−izτ)f1(z)dz, for the generalized interaction operator, we get


〈p2|H
(s)
int(τ)|p1〉 = ψ(p2)ψ
∗(p1)
(
a1τ
−α− 1
2 + a2τ
−2α
)
, − 12 < α <
1
2 ;
〈p2|H
(s)
int(τ)|p1〉 = ψ(p2)ψ
∗(p1)
i
2π
∫∞
−∞
exp(−izτ)
(
b1(α)
ln(−z) +
b2(α)
ln2(−z)
)
dz, α = 12 ,
(24)
where a1 = −ib1(α)Γ
−1(12 −α)exp[i(−
α
2 +
1
4 )π], a2 = −b2(α)Γ
−1(1− 2α)exp(−iαπ). By using (16), it is easy to show
that the corresponding solution for the T matrix has the form
〈p2|T (z)|p1〉 = N(z)ψ(p2)ψ
∗(p1), (25)
where {
N(z) = b21(α)[−b2(α) + b1(α)(−z)
1
2
−α +M(z)b21(α)]
−1, − 12 < α <
1
2 ;
N(z) = b21(α)[−b2(α) + b1(α) ln(−z) +M(z)b
2
1(α)]
−1, α = 12 .
Taking into account that the T matrix is connected with
the evolution operator by the equation [3]
U(t, t0) = 1+
i
2π
(26)
×
∫ ∞
−∞
dx
exp[−i(z −H0)t]
(z −H0)
T (z)
exp[i(z −H0)t0]
(z −H0)
,
where z = x + iy, y > 0, for the evolution operator, we
get
〈p2|U(t, t0)|p1〉 = 〈p2|p1〉+
i
2π
∫ ∞
−∞
dx
×
exp[−i(z − Ep2)t] exp[i(z − Ep1)t0]
(z − Ep2)(z − Ep1)
×N(z)ψ(p2)ψ
∗(p1). (27)
By using (27), we can then construct a vector represent-
ing the state of the system at any instant of time t. It
can be shown that the evolution operator (27) is unitary
if the parameter b2(α) is real-valued and that it satisfies
the composition law.
It should also be noted that there is the one-to-one
correspondence between the behavior of the form factors
ψ(p) for |p| → ∞ and the character of dynamics: if the
form factors satisfy the usual requirements of quantum
mechanics [for α > 12 in the asymptotic expression (13)],
the generalized interaction operator must have the form
(18). In this case, the fundamental interaction is instan-
taneous. At α ≤ 1/2, in which case the high-momentum
behavior of the form factors in Hamiltonian dynamics
leads to ultraviolet divergences, the only possible form
of H
(s)
int(τ) is that which is given by (24); that is, the
fundamental interaction that generates dynamics in the
quantum system being considered is nonlocal in time.
We have shown that generalized quantum dynamics
makes it possible to describe, in a natural way, the evo-
lution of quantum systems where the interaction leads to
ultraviolet divergences in Hamiltonian dynamics. It was
indicated above that, in effective field theories, one has
to deal with precisely such interactions, with the result
that it becomes necessary to invoke various regulariza-
tion and renormalization procedures. In [6], this problem
was investigated for the example where the NN interac-
tion is described by the separable potential 〈p2|V |p1〉 =
λψ∗(p2)ψ(p1) with form factor ψ(p) =
(
d2 + p2
)− 1
4 .
The parameter α, which determines the asymptotic be-
havior of the form factor, is 1/2, and the relevant
solution to the Lippmann-Schwinger equation,t(z) =
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FIG. 1: Phase shifts for proton-neutron scattering as a func-
tion of the laboratory energy for the 1S0 channel. Experi-
mental data from [8] are shown by points. The results of the
calculation with the generalized interaction operator (24) are
represented by the solid curve. Also given for the sake of com-
parison are the results of the calculation with the Yamaguchi
potential (dashed curve).
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FIG. 2: Phase shifts for proton-neutron scattering as a func-
tion of the laboratory energy for the 3S1 channel. Experi-
mental data from [8] are shown by points. The results of the
calculation with the generalized interaction operator (24) are
represented by the solid curve.
(
λ−1 − J(z)
)−1
, where J(z) =
∫
d3k |ψ(k)|
2
z−Ek
has an ul-
traviolet logarithmic singularity. A dimensional regular-
ization was used in [6] to render the Lippmann-Schwinger
equation meaningful. In momentum space of dimension
D = 3− ε, the solution to this equation has the form
[tε(z)]
−1 = λ−1ε − Jε(z), (28)
where Jε(z) =
∫
d3−εk |ψ(k)|
2
z−Ek
. Prior to making ε tend to
zero, it is necessary to renormalize the coupling constant.
For the 3S1 channel of the NN system, the value of the
coupling constant λε must be chosen in such a way as to
ensure the existence of a bound-state at EB = −2.2246
MeV in this channel, in which case the T matrix must
have a pole at z = EB. Thus, the following condition
TABLE I: The parameters of the interaction operator ob-
tained by fitting the NN date, ρ = 1MeV −1.
partial wave α λ b · ρ d · ρ b2 · ρ
1−2α
3S1(np) 0.499 133.5 × 10
2 433.8 766.2 1.696 × 10−7
1S0(np) 0.499 131.8 356.3 3.651 × 10
6 1.694 × 10−7
1S0(pp) 0.499 320.0 371.7 6.763 × 10
5 1.695 × 10−7
must be satisfied:
λ−1ε = Jε(EB). (29)
The substitution of (29) into (28) then yields
[tε(z)]
−1 = Jε(EB)− Jε(z) =
= (z − EB)
∫
d3−εk
|ψ(k)|2
(z − Ek)(EB − Ek)
.
It can easily be proven that, upon going over to the limit
ε→ 0 in this expression, we arrive at formula (23), which
was previously obtained for the T matrix; that is, the
above renormalization procedure leads to the dynamics
described by the interaction that is specified by Eq. (24)
and which is nonlocal in time. Let us now consider this
situation from the point of view of Hamiltonian dynam-
ics. In the limit ε → 0, the renormalized coupling con-
stant λε and, hence, the renormalized Hamiltonian tend
to zero, while the T matrix (25) does not satisfy the
Lippmann-Schwinger equation; therefore, the dynamics
in question is not described by the Schro¨dinger equation.
Thus, we see that, although each of the set of dynamics
that correspond to the dimensionality D = 3−ε for ε > 0
is a Hamiltonian dynamics, we have a non-Hamiltonian
dynamics in the limiting case D = 3. This situation
is typical of any theory where a renormalization proce-
dure is required to remove ultraviolet divergences. At
the same time, the T matrix satisfies Eq. (7), which one
of the possible forms of the master dynamical Eq. (4)
of generalized quantum dynamics. But Eq. (7) reduces
to Lippmann-Schwinger equation only in the particular
case where Hint(t2, t1) has the form (11)- that is, in the
case of an instantaneous interaction. The dynamics of a
renormalized theory is nonlocal in time; that is, it be-
longs to the class of dynamics that can be described only
on the basis of generalized quantum dynamics. For the
renormalized model considered here, the generalized in-
teraction operator is given by (24). This operator can
then be used in a dynamical equation to describe the
dynamics of systems featuring an arbitrary number of
nucleons.
IV. ANOMALOUS OFF-SHELL BEHAVIOR OF
TWO-NUCLEON AMPLITUDES
Thus, we have shown that the regularization of the
Schro¨dinger and Lippmann-Schwinger equations, which
is necessary in using effective interaction operators con-
structed within effective field theories results in that the
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FIG. 3: Phase shifts for proton-proton scattering as a func-
tion of the laboratory energy for the 1S0 channel. Experi-
mental data from [8] are shown by points. The results of the
calculation with the generalized interaction operator (24) are
represented by the solid curve.
interaction generating nucleon dynamics appears to be
nonlocal in time. The evolution of systems governed by
such interactions is described in a natural way, by gen-
eralized quantum dynamics and by models constructed
on its basis [4,5]. In [5], the NN interaction was de-
scribed on the basis of the model where the general-
ized interaction operator has the form (24) with form
factor ψ(p) = gY (p) − φ(p), where gY (p) is the Ya-
maguchi form factor [7], which, in the S channel, is
given by gY (p) =
λ
b2+p2 , and φ(p) =
(
d2 + p2
)−α
2 with
− 12 < α <
1
2 ; that is, φ(p) is the form factor whose ul-
traviolet behavior corresponds to an interaction that is
nonlocal in time. The parameters of the model were de-
termined from the best fit to the experimental values [8]
of the phase shift for nucleon-nucleon scattering at low
energies. For the 1S0 and the
3S1 channel, the quality
of our fits to the experimental values of the phase shifts
for nucleon-nucleon scattering are illustrated in Figs. 1-
3. The parameters of the model are quoted in the table.
For the sake of comparison, the energy dependence of
the phase shift for nucleon-nucleon scattering is also dis-
played in Fig. 1. From this figure, it can be seen that, in
the Yamaguchi model, the main flaw, which consists in
its inability to reproduce the reversal of the sign of the
phase shift in the 1S0 channel can be removed by gen-
eralizing this model to the case where the interaction is
nonlocal in time.
Needless, to say, the NN -interaction potential con-
structed in this study is nothing but a model-dependent
quantity. A realistic effective NN -interaction operator
that takes into account QCD symmetries must be derived
within an effective field theory by using a renormaliza-
tion procedures. However, our exactly solvable model
can be employed the study the effect of the nonlocality
of NN interaction on the character of nucleon dynam-
ics. Among data from two-nucleon physics, information
about the off-shell of two-nucleon amplitudes is of great
importance, since it substantially affects the dynamics of
three-nucleon and multinucleon systems [9]. Let us con-
sider the effect of nonlocality of the NN interaction on
this behavior of two-nucleon amplitudes. First of all, we
consider the behavior of f(z) = 〈p2|T (z)|p1〉 as a func-
tion z at fixed p1 and p2. It is well known that, for
|z| → ∞, the solutions 〈p2|T (z)|p1〉 to the Lippmann-
Schwinger equation tend to 〈p2|V |p1〉, where V is the
potential. Thus, we see that, in the case where the NN
interaction is described by some potential-that is, this
interaction is local in time - the two-nucleon amplitude
〈p2|T (z)|p1〉 fends to a nonzero constant for |z| → ∞.
At the same time, 〈p2|T (z)|p1〉 taken at fixed p1 and p2
always tends to zero for |z| → ∞ in the case of an interac-
tion that is nonlocal in time. Indeed, we have already in-
dicated that, in the nonlocal case, H
(s)
int(τ) does not have
a delta-function singularity at the point τ = 0, whence
one can immediately conclude that B(z), which is de-
fined by the relation (10), tends to zero for |z| → ∞. Ac-
cording to (9), it immediately follows that, in this limit,
〈p2|T (z)|p1〉 also tends to zero. For our nonlocal model,
as well as for Yamaguchi model, Fig. 4 illustrates the
behavior of the function f(z) in the 3S1(np) channel. It
is obvious that this anomalous behavior of two-nucleon
amplitudes, which is due to the nonlocality of the NN
interaction in time, can significantly affect the dynamics
of multinucleon systems.
As was shown above, the generalized interaction op-
erator can be nonlocal in time only if its matrix ele-
ments 〈p2|H
(s)
int(τ)|p1〉 as functions of momenta have an
ultraviolet behavior that leads to divergences in Hamil-
tonian dynamics. Accordingly, the T -matrix elements
〈p2|T (z)|p1〉 as functions of p1 and p2 will not decrease
at infinity as fast as is required in Hamiltonian dynamics.
This brings about the question of how this circumstance
can affect the character of nucleon dynamics. The im-
portance of the off-shell behavior of the two-nucleon T
matrix is associated with the fact that it appears in the
Faddeev equation, which makes it possible to determine
the T matrix for the system of three nucleons if the two-
nucleon T matrix is known. It can straightforwardly be
shown, however, that, if 〈p2|T (z)|p1〉 does not decrease
sufficiently fast in the high-momentum limit, then the
Schmidt norm for the kernel of the Faddeev equation
does not exist at any value of z. Thus, we see that, in
the case of an interaction that is nonlocal in time, the off-
shell behavior of two-nucleon amplitudes is anomalous,
which results in that the Faddeev equation is not well-
defined. That effective field theories lead to a Faddeev
equation whose kernel decrease at infinity insufficiently
fast for this equation to be well-defined is one of the most
serious problems in such theories [6]. It is important that
within generalized quantum dynamics the Faddeev equa-
tion, as well as the Lippmann-Schwinger equation, need
not be valid, as this does indeed occur in the case of
a nonlocal interaction. One must then directly use the
dynamical Eq. (4) or (7).
In our above analysis, we have considered the case
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FIG. 4: The off-shell behavior of f(E) = 109〈p|T (z)|p〉,
|p| = 500 MeV in the 3S1 channel for np scattering. The
solid curves corresponds to the model with generalized inter-
action operator (24), compared to the model with Yamaguchi
potential with parameters given in [7] (dashed line).
where the interaction is nonlocal in time and is described
by the interaction operator in the form (24). At the same
time, it was shown in [5] that the generalized interaction
operator may have the form
Hint(t2, t1) = Hnon(t2, t1)
−2iδ(t2 − t1)HI(t1), (30)
where the first term on the right-hand side, Hnon(t2, t1),
describes the nonlocal part of the interaction, while the
second part describes its instantaneous part. This form
of the interaction operator seems natural in the case of
NN interactions. Indeed, it is well known that, at long
and intermediate distances, the NN interaction is well
approximated by realistic NN potentials based on the
concept of meson exchange. This part of the NN inter-
action is described by the second term on the right-hand
side of (30). At the same time, there is every reason to
believe that a nonlocal interaction operator offers a nat-
ural way to treat the short-range part of the interaction,
where quark and gluon degrees of freedom are expected to
manifest themselves. From the above analysis, it follows
that the asymptotic high-momentum behavior of the ma-
trix elements 〈p2|Hint(t2, t1)|p1〉 of the interaction oper-
ator (30) is controlled by the nonlocal term Hnon(t2, t1).
Even if this term makes a negligible contribution to two-
nucleon phase shifts at low energies, it changes qualita-
tively the off-shell behavior of two-nucleon amplitudes
and, hence, affects substantially three-nucleon data. The
highlights the importance of taking into account nonlo-
cality effects in describing the short-range part of the NN
interaction. The use of nonlocal interaction operators for
the short-range part of the NN interaction, along with
realistic NN employed at present, may lead to a better
description of three-nucleon and multinucleon data. We
hope that it will be possible to construct such operators
- that is, those nonlocal interaction operators that would
describe the short-range part of the NN interaction - on
the basis of effective field theories.
V. CONCLUSION
By considering the example solvable model, we have
shown that, upon the application of regularization and
renormalization procedures, the dynamics of a nucleon
system governed by an interaction that involves ultravio-
let divergences is not Hamiltonian - it is described by the
dynamical Eq. (4) featuring a generalized interaction op-
erator that is nonlocal in time. Here, we are dealing with
dynamics that can be consistently described only within
generalized quantum dynamics. Thus, generalized quan-
tum dynamics opens new possibilities for solving prob-
lems associated with the fact that effective field theories
lead to effective nucleon-nucleon interaction operators in-
volving ultraviolet divergences. It can be expected that
nucleon dynamics to which effective field theories must
lead will be described by some generalized interaction
operator that is nonlocal in time. If, within an effective
field theory, one will be able to construct such an op-
erator, which will then respect QCD symmetries, it will
be possible to use Eq. (4) to describe nucleon dynamics.
For the example of the aforementioned model, we have
shown that such an operator can be constructed. We
have investigated the effect of the nonlocality of NN in-
teraction in time on the character of nucleon dynamics.
Our analysis has revealed that these effects lead to an
anomalous off-shell behavior of two-nucleon amplitudes:
The two-nucleon amplitudes 〈p2|T (z)|p1〉 at fixed mo-
menta vanish for |z| → ∞ and, treated as functions of
p1 and p2, decrease insufficiently fast at infinity for the
Faddeev equation to be well-defined. This may substan-
tially affect the dynamics of multinucleon systems. As
we have shown, the nonlocal interaction operator con-
structed here can be used for the nonlocal part of the
NN -interaction operator. At the same time, realistic
NN potentials can be taken for its instantaneous part de-
scribing the NN interaction at intermediate and long dis-
tances. The introduction of such nonlocal corrections to
realistic NN potentials may significantly improve the de-
scription of three-nucleon and multinucleon data, which
is one of the challenging problems in nucleon physics.
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